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Abstract
The present article is the second out of three on a study of the 40 Ca(e, e x) reaction discussing the
multipole decomposition of the measured cross sections and the analysis of angular correlations.
The decomposition of the strongly overlapping E0, E1 and E2 giant resonance strengths using
the (e, e x; x = p, α) reaction in 40 Ca is discussed for excitation energies between 10 and about
21 MeV. Two extraction methods are presented based on the variation of the form factors for the
different multipoles. The resulting B(E1) strength distribution is in good agreement with (γ, x)
photoabsorption data. The summed B(E2) and B(E0) strength is highly fragmented and spread out
over the energy region investigated. Microscopic continuum RPA calculations including the coupling
of the basic particle–hole states to the low-lying surface vibrations are capable of reproducing the
strength distributions quite accurately. Exhaustion of the energy-weighted sum rules (EWSR) for the
various decay channels is presented.
A complete decomposition of E0, E1 and E2 contributions in 40 Ca is possible for (e, e α)
angular correlations populating the 36 Ar ground state. Contrary to expectations, the form factors
✩
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of isoscalar E0 and E2 strengths in the 40 Ca(e, e α0 ) reaction exhibit increasing differences towards
smaller momentum transfers. Angular correlations for proton decay into low-lying states of 39 K are
compared to a self-consistent continuum RPA calculation which allows a systematic description of
the strong variations observed as a function of 40 Ca excitation energy and momentum transfer. The
success implies that direct knock-out models of the 40 Ca(e, e p) reaction are too simple. Furthermore,
the shapes of the angular correlations seem to be determined largely by the final-state interaction, in
particular by charge exchange reactions in the nuclear medium.  2001 Elsevier Science B.V. All
rights reserved.
PACS: 25.30.Fj; 27.40.+z; 21.10.Re; 21.60.Jz
Keywords: N UCLEAR REACTION 40 Ca(e, e p), (e, e α), E0 = 78, 183.5 MeV; measured angular correlations of
p, α decay into low-lying states of 39 K and 36 Ar; 40 Ca deduced E0, E1, E2 strength distributions. Continuum
RPA calculations

1. Introduction
The basic quantities characterizing giant resonances are their total strengths, usually
expressed in terms of model-independent energy-weighted sum rules (EWSR), and their
distributions in energy. Because of the large energy spreading of the resonances over
regions of several MeV, one is often confronted with strongly overlapping contributions
from different multipoles and isospins.
The subject of the present investigations, the doubly magic nucleus 40 Ca, provides
a particularly good example. The isovector giant dipole (GDR) as well as the isoscalar giant
quadrupole (GQR) and monopole (GMR) resonances are spread out over an excitation
energy interval of about 10–25 MeV and are mingled strongly. Although extensive
experimental work has been devoted to the study of 40 Ca with its doubly-magic shell
structure making it a favorite testing ground of theoretical investigations, there remain a
number of unsolved issues. The main features of the GDR have been established reasonably
well by photoabsorption experiments [1,2], revealing a low-energy tail extending down to
about 10 MeV excitation with considerable structure. The GQR was located in various
experiments to be around 18 MeV excitation. However, a 40 Ca(α, α  x) study [3] showed
the existence of appreciable E2 strength at low excitation energies with a concentration at
Ex ≈ 12–14 MeV and a remarkably large exhaustion of the isoscalar E2 EWSR of about
60% below 16 MeV. Such a result was in clear contradiction to RPA calculations [4–6]
which predicted the strength to be centered at 18 MeV excitation. In addition, the GMR
was shown experimentally to be fragmented strongly over a very large energy interval [7]
with a considerable part of the strength at excitation energies below 15 MeV. The nucleus
40 Ca also serves as a testing ground of giant resonance fine structure, a phenomenon which
appears in nuclei as heavy as 208 Pb [8]. This fine structure constitutes a challenge to
microscopic interpretations of giant resonances and can be accounted for only in the most
advanced theories [9,10].
Electron-scattering coincidence experiments offer a particularly powerful tool for
multipole decomposition. The electromagnetic interaction in electron scattering is weak
and can be described well in perturbation theory [11], unlike hadronic reactions which
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are hampered by a limited knowledge of the nucleon–nucleon interaction. The coincidence
condition with particle emission out of the continuum effectively removes the radiative tails
due to elastic scattering and inelastic scattering to bound states, thus permitting essentially
background-free measurements.
Two methods of multipole strength decomposition are discussed in the present paper.
With some reasonable assumptions it is possible to reconstruct the total excitation cross
sections by an integration over the solid angle of the emitted particle (4π integration).
The multipoles can be separated by variation of the momentum transfer. Two different
approaches will be discussed, a so-called ‘model-independent’ method [12,13] and
a decomposition based on microscopic form factors [14–16]. A successful application of
the former method to our 40 Ca data was reported in [17]. However, E2 and E0 contributions
cannot be distinguished with these methods because of the similarity of their form factor
dependence.
Alternatively, in the framework of the ‘static limit of resonance’ approach (SLRA)
of [18], all multipole contributions can be extracted from angular correlation functions
(ACFs) for decay to specific final states. Again, there are limitations to the number of
simultaneously contributing multipoles which can be resolved. The simplest case, which
can be treated analytically [19], are angular correlations of the type 0+ → λπ → 0+ . This
case is realized for (e, e α0 ) reactions on even–even target nuclei and has been utilized to
resolve discrepancies of the multipole strengths deduced from different hadron-induced
reactions in 12 C and 16 O [20,21]. Another application on 26 Mg is reported in [22].
The 40 Ca(e, e α0 ) channel populating the ground state (g.s.) of 36 Ar is of special interest,
because it allows a detailed comparison [23] with extensive 40 Ca(α, α  α0 ) [3,24] and
(p, p α0 ) [25–27] studies. A consistent picture of the fine structure of the GMR and GQR
at low excitation energies is achieved. However, a factor of two larger EWSR value is
obtained in the α-scattering experiment which yet lacks explanation. Recently, it was
demonstrated for the example of the 40 Ca(e, e α1 ) data that the multipole unfolding method
can be extended with a few well-founded assumptions to angular correlations for the
population of a J π = 2+ final state [28]. The present paper will only briefly touch upon
a few aspects of these results which have not been covered in [23,28].
For ACFs of the type (e, e N), where N denotes a nucleon, one must additionally take
into account the incoherent summation of the coupling to different spin channels which
further complicates the analysis. If one multipolarity dominates, useful results might still
be obtained [29]. Data on the 40 Ca(e, e p0 ) [30] and (e, e n0 ) [31] reactions exist for a single
momentum transfer favoring E1 excitations. These have been analysed with an emphasis
on the interference of longitudinal and transverse contributions. However, when several
multipoles contribute with comparable magnitude to the cross sections (as is the case for
40 Ca in the present kinematic conditions) a model-independent decomposition is no longer
possible. Instead, the 40 Ca (e, e p) angular correlations are tested against a continuumRPA approach [32] which has been used successfully to describe the interference region
between the resonance and quasielastic domains [33].
The 40 Ca(e, e x; x = p, α) experiment and the data reduction have been described in
the preceding paper (hereafter called I). Section 2 is devoted to a multipole analysis of
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the measured spectra, while Section 3 discusses the 40 Ca(e, e α) angular correlations. The
analysis of 40 Ca(e, e p) angular correlations leading to low-lying states in 39 K are presented
in Section 4. Concluding remarks are given in Section 5.

2. Multipole analysis of the 4π -integrated spectra
2.1. Methods
The extraction of 4π integrated (e, e x) spectra representing the total excitation in
correlated with charged particle decay is described in part I. Two of the main
assumptions discussed there are essential also for the analysis described in the following:
the kinematics of the experiment are such that transverse and longitudinal-transverse parts
of the coincident cross sections are negligible, and only multipolarities λ  2 contribute.
Then the 4π integrated cross section can be written as a function of excitation energy Ex
and momentum transfer q as


2


2
d2 σi
dσ
=
aEλ (Ex,j )FEλ (qi , Ex,j ) .
(1)
dΩe dEx,j
dΩ Mott
40 Ca

λ=0

Here, aEλ are the amplitudes of the different multipolarities, varying with q, and FEλ are
the form factors. The indices j represent different excitation energy bins. Equation (1)
can be written separately for each momentum transfer i measured. Since the momentum
transfer dependence of E0 and E2 excitations is expected to be very similar (see, however,
Section 3), only their sum can be determined and Eq. (1) can be rewritten as

2

2
σexp
(qi , Ex,j ) = aE1 (Ex,j )FE1 (qi ) + aE2/E0(Ex,j )FE2/E0 (qi ) ,
(2)
σMott
where the further assumption of excitation energy independence of the form factors is
made [12,13]. Here, σexp and σMott are used as abbreviations for the respective differential
cross sections introduced in Eq. (1). Equation (2) reduces to a series of i × j linear
equations with the coefficients aj and form factors Fi as variables. If the number of
momentum transfers measured is larger than the number of multipoles, the equation system
is overdetermined and can be solved by a least-squares fit to the data.
An alternative approach is based on the use of microscopically generated form factors.
The E1 versus E2(E0) decomposition is then obtained by a least-squares fit to the
experimental form factors, either for the total charged particle decay or for partial decay
channels. The form factors are plotted as a function of the effective momentum transfer


3 Ze2
qeff = q 1 +
,
(3)
2 h̄cE0 Re
with Re giving the equivalent radius. This correction accounts in an approximate way for
the distortion of the electron wave function in the Coulomb field of the nucleus.
For both methods theoretical form factors are needed to extrapolate the deduced cross
sections to the photon point k = Ex /h̄c and to make the conversion to reduced transition
strengths
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2
[(2λ + 1)!!]2 Z 2 
FEλ (q = k) .
(4)
4π
k 2λ
Theoretical results from two different sources were considered for the analysis. Electric
excitations for all multipolarities λ  4 were calculated in RPA [34] using the separable
MSI interaction [35]. For the E0 and E2 multipolarities a single collective transition around
18 MeV excitation is predicted representing the GMR and GQR, respectively. From the
several E1 excitations obtained, the shape of the by far strongest transition was taken to
represent the GDR. More refined calculations are provided by Kamerdzhiev et al. [36,
37] including 1p–1h ⊗ phonon configurations and coupling to the continuum. Here, the
interaction is of the Migdal type [38]. However, differences between the form factors
resulting from the two approaches are small.
It should be noted that the results of [36] allowed a test of the assumption of energy
independence, at least for the isoscalar E2 form factor where separate transition densities
for the energy regions Ex = 10–16 MeV and 16–23 MeV were available [39]. Form factors
obtained from these transition densities as well as transition strengths at the photon point
from the two different calculations varied less than 10%. Thus, in the following results
based on E2 form factors of [36,37] are discussed.
B(Eλ) =

2.2. Model-independent analysis
A detailed analysis revealed that the model-independent method does not provide unique
solutions without additional constraints. Therefore, data for the (γ, x) reaction (where x
represents charged particle decay) were included in the fit. The (γ, x) cross sections could
be deduced from the difference between a total photoabsorption experiment [1] and a (γ, n)
measurement [2].
The results of the above procedure are shown in Fig. 1 for the data taken at MAMI [40].
The upper row gives the experimental spectra. Below, the resulting E1 and E2(E0) cross
sections are displayed. The lowest row gives the residue of the least-squares fit. It is
generally small except for two distinct peaks around 12 MeV which are most pronounced
at the highest momentum transfer. Probably, these can be attributed to E3 strength.
Considerable fine structure is visible for both, E1 and E2(E0) cross sections, especially
below 15 MeV excitation. The variation of the ratio of E1 and E2(E0) cross-section parts
reflects the momentum transfer dependence.
It is instructive to compare these results to an analysis of inclusive (e, e ) scattering
on 40 Ca under nearly identical kinematical conditions [41] plotted in Fig. 2. The
decomposition in the latter experiment was based on calculated form factors. While the
experimental cross sections agree favorably, the analysis of [41] clearly underestimates the
low-energy part of the E1 strength and also the E2 contribution underneath the main peak
of the GDR.
Cross sections can be converted to reduced transitions strengths as described in
Section 2.1 The resulting B(E1) and B(E2 + E0) strength distributions in 40 Ca up to
an excitation energy of 20.5 MeV are depicted in Fig. 3. Here, the results for E1 are
compared to the strength distribution extracted from photoabsorption data [1]. The full
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Fig. 1. The 4π -integrated cross sections of the 40 Ca(e, e x) reaction (top row) and decomposition
into E1 (second row) and E2(E0) parts (third row). The bottom row shows the residue resulting from
a fit using Eq. (2).

Fig. 2. Inclusive 40 Ca(e, e ) spectra [41] compared with 4π -integrated exclusive 40 Ca(e, e x) data
from the present experiment for similar kinematics. Shown are the total cross sections and their
decomposition into E1 and E2(E0) parts.
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Fig. 3. Resulting B(E1) and B(E2 + E0) strength distributions in 40 Ca from the multipole
decomposition described in Section 2.1 shown as histograms. The full circles represent (γ, x;
x = p, α) cross sections obtained from the difference of a total photoabsorption [1] and a (γ, n) [2]
experiment and converted to B(E1) strength. The solid line shows the summed B(E2) and B(E0)
strengths from the calculations of [36].

circles represent the B(E1) values from the (γ, x) reaction. The agreement is very good
with some minor deviations around Ex = 17 MeV. The E2 + E0 strength with dominant
structures around 12, 14 and 17 MeV is compared to a continuum RPA calculation,
allowing beyond the usual 1p–1h model space also for 1p–1h ⊗ phonon configurations
[36,37]. The latter are included because of the well-known importance of the coupling to
phonons for the damping of giant resonances [42]. The solid line corresponds to the sum of
E2 and E0 (appropriately weighted using the relation B(E0) = (25/16π) · B(E2) valid at
the photon point [14]) strength distributions folded with the experimental resolution E =
120 keV (FWHM). The agreement is remarkably good, the main structures are reproduced
over the whole excitation energy range, and also the total strength is accounted for. In
contrast to all earlier 1p–1h RPA calculations, significant strength below 15 MeV excitation
is predicted in this approach, in accord with experiment. This strength can be traced back
to the additional g.s. correlations induced by the 1p–1h ⊗ phonon configurations providing
yet another example of a considerable softening of the Fermi surface in 40 Ca with respect
to the independent particle model expectations of doubly closed shells. The calculations
indicate that both the GMR and the GQR are fragmented strongly over large excitation
energy ranges and that the low-energy strength is shared between both, in accord with the
findings of [3,7,23,24,28].
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2.3. Form factor analysis
An E1 and E2(E0) multipole cross-section decomposition using the form factors of
Section 2.1 is presented in Fig. 4. Overall, the experimental dependence is accounted
for well except for the resulting E1 part at the lowest q (0.26 fm−1 ) which is somewhat
low, although still within error bars. The good description at the highest momentum
transfers in these measurements limits possible cross-section contributions from higher
multipolarites (E3) to less than 5%. In fact, the appearance of isoscalar E3 strength
exhausting a significant part of the EWSR in the energy range 10–20 MeV would
contradict theoretical expectations which predict low-energy strength (experimentally well
established) and a high-energy resonance at about 30 MeV [43].
The form factor method can be applied also to the analysis of partial decay channels
shown in Fig. 5. Appreciable differences are observed in the p decay to different final states.
For example, the ratio of E1 to E2(E0) cross sections is much larger for the decay into lowlying excited states of 39 K (p123) than for the g.s. decay or for the population of higher-lying
states. Overall, the description of the experimental data is satisfactory, thereby excluding
contributions of E3 strength beyond the 5% level for any of the particle decay channels
analysed. Considering the substantial suppression expected due to isospin selection rules,
unexpectedly large E1 cross sections are found in the α0 decay.
The decomposed cross sections can be converted to transition strengths with the aid of
the form factors displayed in Fig. 5. Table 1 summarizes the exhaustion of the E1 and E2
EWSR in the energy range 11–20.5 MeV. Note that because of the individual form factor
decomposition, the EWSR exhaustions deduced for the partial channels can differ from
that deduced for the total spectra (x, p, α). The E2 EWSR values are calculated assuming
isoscalar excitations only. Furthermore, as pointed out above, they contain an unknown
E0 part. Following theoretical predictions [36,37] one would expect an about equal share
between monopole and quadrupole strength which would convert the value of 102% E2

Fig. 4. Form factors of the 40 Ca(e, e x) reaction summed over an interval Ex = 11–20.5 MeV in
comparison to RPA calculations for E1 (solid line) and E2 (dashed line) transitions, see text.
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Fig. 5. Form factor decomposition of E1 and E2(E0) strength in 40 Ca for different decay channels.
The dashed and solid lines are RPA calculations for E1 and E2 transitions, respectively (see text).
Table 1
Exhaustion of the isovector E1 and isoscalar E2 EWSR in 40 Ca resulting from a multipole
decomposition of the (e, e x) data and individual decay channels using RPA form factors
Channel
p+α
p
p0
p123
pres
α
α0
αres

E1 (% EWSR)

E2 (% EWSR)

44(19)
41(15)
7(4)
10(4)
34(17)
< 16
<4
< 10

104(24)
66(18)
15(6)
7(3)
37(12)
33(8)
10(4)
22(6)

The E2 strengths are upper limits only because the cross sections contain an unknown E0 part (see
text).

EWSR given for the total (e, e x) cross section in Table 1 to 68% of the isoscalar EWSR
for both E2 and E0. When comparing the deduced values to those of other experiments it
should be kept in mind that above 16 MeV excitation the neutron decay part of the cross
section remains undetected although its contribution was shown to be less than 20% at
the maximum of the GDR [2]. Also, the main bump of the GDR extends up to 25 MeV
excitation, therefore the present experiment cannot be expected to exhaust the Thomas–
Reiche–Kuhn sum rule.
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Fig. 6. The B(E1) strength distribution resulting from a multipole decomposition of the 40 Ca(e, e x)
data using form factors. The dashed band represents the uncertainties. The full circles are the (γ, x)
data shown also in Fig. 3.

One finds that p emission for the giant resonances in 40 Ca dominates over α emission.
Unlike in light nuclei, the decay dominantly populates higher-lying states (pres ). This is,
however, already a strong hint for predominantly statistical proton decay (for a detailed discussion, see the following paper, part III). For the α decay channels the errors of the extrapolation of the E1 form factor to the photon point are too large to give meaningful results, so
only upper limits are given. The values in Table 1 assume isovector E1 strength, i.e. excitation via the GDR and decay through T = 0 admixtures to the wave functions. An isoscalar
character of the E1 strength can be excluded because for a squeezing mode it would show
a q dependence which resembles that of E3 excitations [44]. However, recent microscopic
calculations [45,46] suggest a low-lying isoscalar electric dipole mode of toroidal rather
than compressional type. It would be interesting to study its form factor dependence in
order to estimate the sensitivity of the present experiment to detect such a mode.
The values deduced for 40 Ca(e, e x) are somewhat larger for E2(E0) and smaller for E1
than the result of the model-independent analysis [17], but still agree to within a typical
systematic uncertainty of about 20%. The main difference is visualized in Fig. 6 where
the B(E1) strength distribution resulting from the form factor analysis of the 40 Ca(e, e x)
data is shown. The shaded area corresponds to the experimental uncertainty. The full
circles are again the (γ, x) data. In the model-independent method these data were used
as an additional constraint to the analysis. Thus, it is not surprising that the shape of
the distribution and the strength were reproduced well. The B(E1) energy distribution
extracted from the form factor method is in very good agreement with the photoabsorption
data. However, the resulting strength is systematically lower, though still agrees to within
the error band.

3. Alpha decay angular correlations
3.1. Methods
For the description of (e, e α) angular correlations it is useful to expand the tripledifferential cross sections in terms of Legendre polynomials Pkl :
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d3 σ
= σMott
Alk Pkl (cos Θα ) cos(lΦα ),
dΩe dΩα dEx
2
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2λ

(5)

l=0 k=l

where λ denotes the angular momentum of the resonance. The coefficients Alk are
determined by a fit to the data. The longitudinal and transverse response functions VL
and VT , respectively, introduced in Eq. (1) of part I contribute to the A0k , while the A1k
coefficients give a multipole decomposition of the longitudinal-transverse interference
term VLT . The A2k term, describing the expansion of the transverse-transverse interference,
is removed in the present experiments by the choice of Φα = 135◦ . With the assumption
that the resonance dominates, the Legendre polynomials can be factored into excitation
form factors which are determined by the nuclear dynamics and q only, and angular
correlation coefficients which depend on the particle emission and Ex , but are independent
of q. Following the static-limit resonance approximation (SLRA) of [18] the Legendre
coefficients can be expanded as a function of the multipole-dependent excitation form
factors. The full expressions are given, e.g., in the appendix of [21].
For the kinematics of the present data measured at MAMI these relations can be
simplified further by assuming that contributions due to the VT and VLT terms can be
neglected, i.e., the excitation is purely longitudinal. For a J π = 0+ target and within the
framework of SLRA the Ak can be expressed as

 

(S) 
(S) ∗
(S) iδ#J
iδ  
Ak (S; #J ; #J  ) C#J
e
C#(S)
.
(6)
Ak =
J  e # J
## ,J J 
S

The factors Ak contain the angular momentum coupling information and are described
(S)

(S)

in the appendix of [28]. The quantity C#J eiδ#J is the complex amplitude of the product
between the longitudinal matrix element and the overlap of the intermediate resonance J
and the decay channel (#S). For J π = 0+ targets, the multipolarity λ of the excitation is
identical to the angular momentum J of the resonance. The quantity # is identified with
the relative orbital angular momentum of the emitted particle with respect to the remaining
nucleus, and S represents the spin of the final state determined by the coupling of the spins
of the particle and of the state in the residual nucleus. The expansion parameter k can
be understood as the angular momentum resulting from the coupling of two interfering
resonances J and J  . Because the α particle has total angular momentum zero, the decay
to the ground state of 36 Ar (J π = 0+ ) gives S = 0 whereas, the first excited state of 36 Ar
(J π = 2+ ) yields S = 2.
For the particularly simple case of decay to a J π = 0+ final state (e.g. α0 decay) and
restriction to resonances J  2 an analytical solution can be derived for the multipole
decomposition of the cross sections [19]. Recently, it has been demonstrated [28] that
this method can be extended to the case of emission to a J π = 2+ state (α1 decay) with
a few additional assumptions. With the branching of the decay of a given resonance J via
different allowed angular momenta # governed by the transmission coefficients and for
a particular choice of phases between these #-values one arrives at equations of the same
structure as those for the α0 case (see the appendix in [28]).
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3.2. Results
The analysis of the 40 Ca(e, e α0 ) and 40 Ca(e, e α1 ) angular correlations and the physics
implications of the resulting E0 and E2 strength distributions have been discussed in detail
in [23,28] and here these results will not be dwelt upon further. Rather, a few additional
subjects not covered in [23,28] will be discussed.
The assumption of purely longitudinal cross sections, while representing a good
assumption for the data analyzed in [23,28], is not justified for the kinematics of the
measurement at the S-DALINAC. It is, therefore, of interest to test the application of the
methods described in Section 3.1 to a more general case where VT and VLT terms are
included. The transverse matrix elements cannot be determined in a unique way from a fit
to the data. Thus, Siegert’s theorem

Ex J + 1
TJ
=−
(7)
LJ
q h̄c
J
relating the transverse (TJ) and longitudinal (LJ) matrix elements is used to constrain the
degrees of freedom.
Fig. 7 displays the angular correlations of the α0 decay following electro-excitation of
40 Ca measured at E = 78 MeV and Θ = 40 ◦ . The solid lines are fits using Eqs. (5)
0
e
and (7), accounting for the data quite well. The need for a transverse cross-section
contribution is visible in a shift of the first maximum from Θα = 0 ◦ expected for purely
longitudinal excitations to about 10◦ . This shift is caused by the LT interference term
which is expressed in the expansion discussed in Section 3.1 through an associated
Legendre polynomial A1k . The cross-section decomposition shows a dominance of E0 and
E2 multipoles, but E1 contributions no longer are negligible because of an enhancement
due to the low momentum transfer.
The resulting E0 and E2 cross-section distributions are displayed in Fig. 8 together
with the results obtained from an analysis of the 40 Ca(e, e α0 ) data measured at higher
electron energies [23] and 40 Ca(α, α  α0 ) data measured in kinematics where either E0 [24]
or E2 [3] dominate. The agreement between the two independent analyses from electron
scattering is quite good. Remaining small differences might originate from the somewhat
limited statistics of the low incident-energy data and the additional assumptions made
about the transverse cross-section part. With respect to the α-induced data one finds good
correspondence between the main structures in the E2 distributions (note, however, the
discrepancies of the EWSR exhaustion [23,25]). The E0 cross sections from the (α, α  α0 )
experiment are somewhat hampered by poor statistics. Prominent structures are seen
around 14 and 16–17 MeV excitation, in accordance with the electron scattering results.
At lower excitation energy the differences are larger. It should be noted that the agreement
is better for inclusive (α, α  ) spectra from the same experiments [24] measured at 0◦ where
E0 excitations dominate the cross sections.
An interesting difference is observed in the momentum transfer dependence of the α0
decay following electro-excitation of the GMR and GQR. This is demonstrated in Fig. 9,
where the corresponding form factors summed over excitation energy are shown. The
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Fig. 7. Angular correlations of the 40 Ca(e, e α0 ) reaction measured at E0 = 78 MeV and Θe = 40◦
for different excitation energy bins. The solid lines are fits with the angular correlation function (5)
as described in the text.

variation as a function of the effective momentum transfer is expected to be the same
at low qeff which also results from the microscopic form factor calculations discussed in
Section 2. By way of example, the results of [34] for E0 and E2 strenghts are displayed
in Fig. 9. The experimentally derived E2 form factor follows closely the microscopic
prediction. However, the E0 form factor shows a marked enhancement over the calculations
increasing towards lower momentum transfers. At present, this behaviour is theoretically
not understood. On the other hand, if this different form factor behaviour of E0 and E2
strength could be established as a general phenomenon, it would offer a new path to
an experimental separation of GMR and GQR contributions which overlap strongly in
medium-mass nuclei.
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Fig. 8. Comparison of E0 and E2 cross-section distributions in 40 Ca coincident with α0 decay
obtained from (e, e α0 ) at E0 = 78 MeV, (e, e α0 ) at E0 = 183.5 MeV and (α, α  α0 ) reactions [3,24].

Fig. 9. Form factors of the decomposed E0 and E2 parts in the 40 Ca(e, e α0 ) reaction. The solid and
dashed lines are the microscopic predictions of [34].
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4. Proton decay angular correlations
4.1. Shell model and continuum RPA description
Compared to the (e, e α) case discussed in the previous section the analysis of (e, e p)
angular correlations is considerably more complex. The number of partial decay angular
momenta can become quite large, depending on the final state spin. An additional
complication are the ‘channel spins’ resulting from the coupling of the proton intrinsic
spin to the orbital angular momentum requiring the corresponding individual ACFs to be
added incoherently.
Due to this complexity it is not possible to derive useful information on the multipole
composition from the coefficients of a Legendre polynomial fit to the data in cases where
several multipoles contribute with comparable cross sections. Thus, a model description of
the (e, e p) ACFs is needed. In the course of this work two approaches were tested, a shellmodel description in the SLRA framework [18] assuming direct knockout of a nucleon,
and a self-consistent continuum RPA calculation [32].
The shell-model calculations were performed with the code NEWTON [47]. It has
been applied quite successfully to the description of the 12 C(e, e p) reaction [29]. The
calculations are limited to longitudinal excitations (sufficient for the higher q measured
at Mainz) treated in PWBA which is a reasonable approximation in light nuclei, but might
be questionable already in the case of 40 Ca. A direct nucleon knockout was assumed for
the decay, and the excited state wave functions were determined with the optical model
parameters of [48].
The approach was tested for two particularly simple cases where a single multipolarity
is known to dominate: the Ex = 13.7–15.0 MeV region for q = 0.49 fm−1 (E2), and the
Ex = 19.0–20.0 MeV region for q = 0.35 fm−1 (E1). With the mixing coefficients and
phases fixed from these data sets it was tried in the next step to obtain the ACFs for the
other momentum transfers. This turned out to be impossible. Furthermore, an extreme
sensitivity of the results to small variations of the optical model parameters was observed.
We concluded that probably the underlying picture of a simple one-step knockout process
is too simple.
An alternative is presented by a continuum RPA model for photon- and electroninduced nucleon emission [32] which has been tested successfully in the quasielastic
regime [49] and in the interference region between dominance of resonance and quasielastic strengths [33]. Although developed initially for quasielastic reactions a motivation
for its application was the finding in the present results of predominant semidirect decay to
the low-lying states in 39 K. This is discussed in detail in the subsequent paper (part III).
In this model [32] the initial and final state wave-functions are calculated with the
Hartree–Fock (HF) method. The HF potential is determined by a Skyrme force which
has been modified to include a radius-dependent three-body term (Ske2 in [50]). The
parameters have been fixed by a comparison with numerous data sets and have been shown
to give good results for g.s. binding energies and nuclear radii over a wide mass range [50].
Excitation of multipole strengths is calculated in 1p–1h RPA. The residual interaction is
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derived from the above described Skyrme force also. Thus, the present approach allows
for a self-consistent treatment of the g.s. and the excited states. Electro-excitation of
natural-parity multipoles λ = 1–5 was taken into account. The electron wave functions
were calculated in PWBA. Coulomb distortion effects were partly corrected for by the
introduction of an effective momentum transfer (see Section 2).
A clear advantage of the RPA treatment over the shell-model approach is that certain
classes of multistep processes are allowed, i.e. scattering and reabsorption of the nucleon
in the nuclear medium. It will be demonstrated below that the inclusion of the RPA
correlations is essential in order to achieve a good description of the angular correlations.
4.2. Results
As discussed in part I, measured angular correlations could be extracted for the p0 –p3
channels. The following discussion is restricted to the decay to the 39 K g.s. (p0 ) and
first excited state (p1 ) which show, respectively, a dominant 1d3/2 and 2s1/2 single-hole
structure with respect to 40 Ca. Figs. 10 and 11 present angular correlations measured at

Fig. 10. Angular correlations of the 40 Ca(e, e p0 ) reaction measured at E0 = 183.5 MeV and
Θe = 22◦ for different excitation energy bins. The solid lines represent calculations with the
continuum-RPA model of [32] normalized to the data.
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Fig. 11. Angular correlations of the 40 Ca(e, e p1 ) reaction measured at E0 = 183.5 MeV and
Θe = 22◦ for different excitation energy bins. The solid lines represent calculations with the
continuum-RPA model of [32] normalized to the data.

E0 = 183.5 MeV, Θe = 22◦ for an excitation energy range Ex = 9.7–22.0 MeV and with
energy bins of about 1 MeV width. The choice of these bins was on one hand limited by the
need of sufficient statistics and on the other hand followed the observation of prominent
gross structures in the (e, e p) excitation spectrum (see part I). The calculated ACFs were
normalized to the data for each energy bin.
As can be seen, there are large variations of the shapes of experimental angular
correlations. Over wide excitation ranges a pronounced minimum around Θp = 90◦ is
found for p0 and p1 decay. At excitation energies below the centroid of the GDR maxima
are observed in p0 decay around 45◦ and 135◦ , while p1 decay shows peaking around
0◦ and 180◦ . Above 18 MeV, the angular correlations exhibit dominant L = 1 character,
especially pronounced for the p1 channel. This can be understood as a signature of the
GDR dominance in this energy range. Similar to the α0 decay discussed above, for decay
into a J π = 1/2+ final state, the orbital decay angular momentum again is equal to the
angular momentum of the excited multipole. The RPA results are capable of describing
the data surprisingly well over the entire energy range for both decay channels. Deviations
are visible around Ex = 18 MeV where the RPA calculation predicts the maximum of
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Fig. 12. Angular correlations of the 40 Ca(e, e p0 ) reaction measured at E0 = 183.5 MeV and
Θe = 43◦ for different excitation energy bins. The solid lines represent calculations with the
continuum-RPA model of [32] normalized to the data.

the E2 and E0 resonances while the experiment finds very fragmented strengths almost
equally distributed in energy (see Section 2). Otherwise, even angular correlations differing
strongly from energy bin to energy bin can be accounted for. It is also noteworthy that the
experimentally deduced p0 to p1 branching ratio is reproduced very well.
In order to study the role of the momentum transfer dependence, Fig. 12 depicts angular
correlations of the 40 Ca(e, e p0 ) reaction for the highest q measurement (E0 = 183.5 MeV,
Θe = 43◦ ). The global structures in the experimental angular correlations persist for all
momentum transfers, although some variations in detail are visible (see, e.g., the Ex =
10.9–12.5 MeV interval in both data sets). The description achieved by the continuum RPA
approach remains of comparable quality. This is indeed true also for all the other (e, e p)
angular correlation results not shown here (for a full account of the results see [51]).
It is interesting to extend the present analysis to a case where the assumption of purely
longitudinal electron scattering cross sections no longer holds. Such a case is given for the
kinematics of the lowest measured q-point (E0 = 78 MeV, Θe = 40◦ ) as discussed in Section 3. Transverse and longitudinal-transverse contributions to the coincidence cross sections are taken into account in the calculations. Fig. 13 shows results for the 40 Ca(e, e p123)
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Fig. 13. Angular correlations of the 40 Ca(e, e p123 ) reaction measured at E0 = 78 MeV and
Θe = 40◦ for different excitation energy bins. The solid lines represent calculations with the
continuum-RPA model of [32] normalized to the data.

reaction (because of limited statistics the sum of p1 , p2 and p3 is taken). It is interesting
to note that despite the summation over various final states the ACF still keep pronounced
structures of a forward–backward asymmetry. Again, the data can be described rather well.
The success of the calculations comes somewhat as a surprise because — as discussed
above — the calculation of the initial strength distributions based on RPA only cannot
provide a satisfactory description of the GQR and GMR. This is reflected in strongly
energy-dependent factors for the overall normalization to the experimental angular
correlations. Deviations from the experimental results are visible in Figs. 10–12 around
18 MeV excitation where the RPA predicts the main concentration of the GQR to be,
in contrast to the experimental results. The overall very good description of the (e, e p)
angular correlations indicates that its properties are more sensitive to the final state
interaction. A detailed analysis reveals that these are dominated by charge-exchange
rescattering processes of the type (e, e n)(n, p) while direct knock-out contributions play
a minor role [17,52].
This is demonstrated in the upper part of Fig. 14 for the example of the Ex = 18–19 MeV
energy bin measured at q = 0.49 fm−1 . The direct knock-out part (shown as dashed
line) cannot explain the experimentally observed angular correlations. The argument is
aggravated further by comparison to the 40 Ca(e, e n0 ) angular correlation for the same
excitation energy bin and similar momentum transfer taken from [31] displayed in the
lower part of Fig. 14. Again, the full result gives very good agreement while a pure knockout calculation cannot account for the data. Furthermore, pure neutron knock-out from
40 Ca is predicted to be negligible compared to the total cross section.
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Fig. 14. Comparison of the angular correlations for 19–20 MeV excitation energy in the 40 Ca(e, e p0 )
(present work) and 40 Ca(e, e n0 ) [31] reactions at similar momentum transfer. The solid lines are the
full continuum-RPA calculations of [32] normalized to the data while the dashed lines represent the
direct knockout cross-section contributions only.

Fig. 15. Angular correlations of the 40 Ca(e, e p0 ) and (e, e p1 ) reactions measured at
E0 = 183.5 MeV and Θe = 43◦ for an excitation energy bin 15.8–17.2 MeV. The solid and dashed
lines represent continuum-RPA model calculations of [32] and [53], respectively, normalized to the
data.

Finally, another continuum RPA calculation [53] is touched upon briefly which allows
comparison for selected data at the kinematics of the highest momentum transfer (Fig. 15).
The calculations were performed at the maximum of the theoretical E2 strength distribution
which coincides with one of the peaks of E2(E0) strength deduced from the multipole
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decomposition in Section 2. In this work, the single-particle properties were obtained from
a Woods–Saxon potential and an effective residual interaction of the Landau–Migdal type
was used. The ACFs thus determined for both the p0 and p1 decays are depicted in Fig. 15
as dashed lines while the results using the model of [32] are plotted as solid lines. Both
calculations give rather similar results with only small differences for the depth of the
minima around 90◦ and 180◦ for the (e, e p0 ) case and slight shift of the maximum around
90◦ in the (e, e p1 ) channel. The mutual success of both approaches indicates that, while
the total E2 strength at this excitation energy certainly is overestimated because of the
limitation of both calculations to the 1p–1h level, at least the microscopic structure seems
to be accounted for well.

5. Conclusions
The present paper discussed various methods of decomposing the contributions of the
overlapping GMR, GDR and GQR in 40 Ca using coincident electron scattering data.
One possibility has been to utilize the form factor dependence of the different multipoles
for the 4π -integrated cross sections. Two different approaches were presented here, one socalled ‘model-independent’ (which is in fact not unique, but needs additional constraints
such as 40 Ca(γ, x) cross sections also to be used) and one using form factors calculated
microscopically as input. Both methods agree generally within a systematic uncertainty
of about 20%. The resulting B(E1) strength distribution and the exhaustion of the GDR
EWSR in the excitation energy region investigated agrees well with photoabsorption data.
The E0 and E2 contributions cannot be separated because the form factors are expected to
be very similar. The summed B(E0) and B(E2) strength distribution is highly fragmented
and extends to low excitation energies of about 12 MeV. These properties of the GMR and
GQR can be explained quite accurately within a microscopic continuum RPA calculation
which includes, beyond the usual 1p–1h space, coupling to the low-lying surface vibrations
and the g.s. correlations induced by these additional configurations. The latter are found to
be responsible for the appearance of sizable strength below Ex = 15 MeV.
A powerful tool allowing for the complete decomposition of E0, E1 and E2 cross
sections are (e, e α) angular correlations. The results for 40 Ca have been discussed in
detail elsewhere [23,28] and only a few special aspects are presented here. It is investigated
whether the decomposition methods developed for purely longitudinal cross sections can
be extended to cases where transverse parts are nonnegligible. The results show that this
is indeed possible, assuming Siegert’s theorem to hold, in accordance with findings in
investigations of the (e, e α0 ) reactions in 12 C and 16 O (the latter cases, however, were
simplified by the dominance of one multipole). The experimental form factors of the
cumulated E0 and E2 strengths in the 40 Ca(e, e α0 ) reaction exhibit a surprisingly different
behaviour at low momentum transfer. The q dependence, which should be the same, is
indeed similar near the maxima of the E0 and E2 form factors. However, contrary to
expectations the differences increase towards lower momentum transfer. At present there
is no explanation for such a result. If this difference could be shown to be a general
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phenomenon it would open up a new way to achieve E0/E2 separation in electron
scattering not limited to particular decay channels.
Proton decay angular-correlations are more complicated because of the large number
of partial decay angular momenta and the occurrence of channel spin. This precludes an
extraction of multipole strength amplitudes from the Legendre polynomial fits except for
the simplest cases. Here, the 40 Ca(e, e p) angular correlations populating low-lying states
in 39 K were compared with a self-consistent continuum-RPA approach using a Skyrme
force. The strong variations of the angular correlation shapes as a function of excitation
energy and momentum transfer is accounted for impressively. This is somewhat surprising
since the multipole strengths are calculated in 1p–1h RPA only which clearly does not
account for the complex GMR and GQR distributions. Rather, the calculations imply that
final state interactions largely determine the angle dependence of the nucleon decay from
the giant resonance region in 40 Ca. Specifically, the calculations predict charge exchange
reactions of the type (e, e n)(n, p) to dominate. These results demonstrate also that a pure
knockout picture of the (e, e p) reactions is far too simple.
To summarize, the examples presented here demonstrate the power of electro-induced
coincidence studies for detailed investigations of the structure of giant resonances. The
wealth of spectroscopic information allows stringent tests of our present understanding of
the nuclear response in 40 Ca for multipoles of low angular momentum.
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